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Transient Analysis of Mode III Fracture
in Anisotropic Layered Media

Yi-Shyong Ing* and Chung-Bin Chuang?
Tamkang University, Taipei 251, Taiwan, Republic of China

The transient response of a semi-infinite crack in an anisotropic layered medium is presented in this study. The
individual layers are anisotropic and homogeneous. The number of reflections and diffractions of stress waves
that are generated from the interfaces of the layered medium and the crack are infinite. It will cause extreme
difficulties in analyzing this problem. A modified linear coordinate transformation is introduced to reduce the
anisotropic layered medium problem to an equivalent isotropic problem with a similar geometry configuration.
Besides, a useful fundamental solution is proposed and the solution can be determined by superposition of the
fundamental solution in the Laplace transform domain. The Cagniard method of Laplace inversion is used to
obtain the analytical transient solution in the time domain. The final results for the stress intensity factor are
expressed in compact formulations and are valid for an infinite length of time. Numerical calculations are also

evaluated and discussed in detail.
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slowness in anisotropic materials
elastic moduli

mode III dynamic stress intensity factor
time coordinate

t

ww = antiplane displacement in corresponding
isotropic layered media
wt) = antiplane displacement in anisotropic
layered media
X,Y,Z = rectangular coordinates in corresponding
isotropic layered media
X, ¥, 2 = rectangular coordinates in anisotropic
layered media
p = material mass density
)(('/Z), 1(//2) = shear stresses in corresponding isotropic
, . layered media
), r}(é) = shear stresses in anisotropic layered media

Introduction

OR the past two decades, the importance of composite mate-
rials has increased very rapidly because of their high strength
and light weight. Due to the fast development in material science,
anisotropic materials have been widely used in these composite
structures for modern engineering applications such as aircrafts,
vessels, nuclear plants, and so forth. These anisotropic laminated
composites are usually subjected to dynamic loading. However, the
study of dynamic fracture problems of anisotropic composite lami-
nates is rare in the literature. This work is the extension of the study
given by Ma and Ing' in which the attention was focused on the dy-
namic fracture analysis of an isotropic layered medium. In this study,
an anisotropic layered medium containing a semi-infinite crack is
considered. This investigation will give a basic understanding for
studying dynamic fracture problems of anisotropic solids.
Recent developments in anisotropic elasticity were reviewed by
Ting.? Ting® pointed out that there have been several new develop-
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ments in the theory and applications of anisotropic elasticity. How-
ever, there were not many studies for dynamic fracture analysis of
anisotropic solids in the literature. Most of the investigations on
elastodynamic crack analysis of anisotropic solids were limited to
transversely isotropic or orthotropic materials. In recent studies,
Kundu and Bostrom* investigated the scattering of arbitrary elas-
tic waves by a circular crack in a transversely isotropic solid. They
calculated the crack opening displacements and the far field under
time-harmonic loading. Zhang and Gross® discussed many elas-
todynamic problems of antiplane cracks in transversely isotropic
solids. Zhang and Gross® also gave a detailed list of references
to anisotropic dynamic fracture problems. Rizza and Nair® used a
numerical method to solve problems involving nonaxisymmetric
dynamic impact loading of a penny-shaped crack in a transversely
isotropic medium. A three-dimensional problem for a transversely
isotropic crack subjected to dynamic concentrated point forces has
been analyzed by Zhao.” Sarkar et al.® have analyzed the dynamic
response of three coplanar Griffith cracks in an orthotropic medium.
They used the Fourier and finite Hilbert transform techniques to ob-
tain approximate values of the crack opening displacements and
stress intensity factors. The time-harmonic problem of two paral-
lel cracks in an infinite orthotropic plane was studied by Itou and
Haliding.’ They have calculated the dynamic stress intensity factors
numerically for composite materials. Das and Patra!®!! have inves-
tigated the plane strain problem of dynamic stress intensity factors
for a moving Griffith crack situated at the interface of two dissimi-
lar orthotropic fixed layers and half-planes. The authors solved the
reduced singular integral equations by using Jacobi’s polynomi-
als. Finite cracks in orthotropic materials under dynamic loadings
have been investigated by Kassir and Bandyopadhyay,'? Shindo and
Nozaki,"> and Rubio-Gonzalez and Mason'*'> using the integral
transform method. This method leads to a Fredholm integral equa-
tion rather than a Wiener—Hopf equation on the Laplace transform
domain. They solved the Fredholm integral equation in the Laplace
transform domain numerically, and the dynamic stress intensity fac-
tor was obtained by numerical Laplace inversion. Rubio-Gonzalez
and Mason'® obtained analytical closed-form solutions for dynamic
stress intensity factors of a semi-infinite crack under uniform crack
face loading in orthotropic materials. Brock and Hanson!” studied
a transient plane strain analysis of diffraction of plane waves by
a semi-infinite crack in an unbounded orthotropic or transversely
isotropic solid. Zhang'® applied the time-domain traction bound-
ary integral equation to obtain the dynamic stress intensity factor
of a finite crack in anisotropic solids under antiplane deforma-
tion. The hypersingular integral equation method for anisotropic
crack scattering and application to modeling of ultrasonic non-
destructive evaluation was reviewed by Bostrom.'® Zhang'® and
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Fig. 1 Geometry of a semi-infinite crack in an anisotropic layered
medium.

Bostrom'® also gave detailed reviews of dynamic anisotropic crack
problems.

For anisotropic interface crack problems, Shen and Kuang® in-
vestigated the problem of wave scattering from an interface crack
in laminated anisotropic media. In their study, the wave fields were
obtained numerically. Pramanik et al.?! have analyzed the transient
elastodynamic problem of a Griffith crack lying at the interface of
two dissimilar anisotropic half-planes. The results yield generalized
Wiener-Hopf-type equations and the arising integral equations are
solved by the standard iteration technique. Ma and Liao? studied
the transient full-field response of a semi-infinite interface crack
lying between dissimilar anisotropic media subjected to a dynamic
body force.

Because of the mathematical difficulties, the explicitly analytical
solution for the problem of a semi-infinite crack subjected to dy-
namic point loading in anisotropic layered media has not yet been
obtained. It is important to develop a mathematical method to obtain
solutions for cracks in an anisotropic layered medium. In this study,
the theoretical transient analysis is performed for a semifinite crack
in an anisotropic three-layered medium subjected to an antiplane
concentrated dynamic loading as shown in Fig. 1. Although this
boundary condition is chiefly a mathematically convenient proposi-
tion, the obtained transient solution can give a basic understanding
of physically transient problems. Moreover, because the transient
solution is exact up to the arrival time of the next wave, this bound-
ary condition is also appropriate in the early transient stage if other
dimensions of the structure are much greater than the height of the
middle layer and the distance from applied loading to the crack tip. A
modified linear coordinate transformation is proposed in this study
to simplify the anisotropic problem. The linear coordinate trans-
formation reduces the anisotropic layered problem to an equivalent
isotropic problem. The number of reflections and diffractions of
stress waves that are generated from the interfaces of the layered
medium and the crack is infinite. It will cause extreme difficulties
and it is impossible to solve this complicated problem by using
the standard integral transform method. A useful fundamental solu-
tion is proposed to overcome these difficulties. Similar fundamental
solutions have been used by Ing and Ma?~2° to solve isotropic
and anisotropic finite crack problems. The Cagniard method?’ of
Laplace inversion is used to obtain the transient solution in the time
domain. The final results for dynamic stress intensity factors are
expressed in compact formulations.

Modified Linear Coordinate Transformation

Consider the problem of a semi-infinite crack in an infinitely
long strip with a finite width of 2/ that is sandwiched between
two half-planes as shown in Fig. 1. Each layer is made of a ho-
mogeneous, anisotropic, linearly elastic material. In the absence of
body forces, the two-dimensional antiplane wave motion of each
anisotropic layer in terms of the displacement is governed by

5 2w (x, y, 1)

)(x, y,1)
+2c oy - =r

5 02wl
+ C(./)
44 ay2
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where w'(x,y,t) is the displacement in the z direction,

C(k,1=4,5) is the elastic modulus, and p¥ is the mass den-
sity of the anisotropic material. The superscript j = 1 represents the

, j=12

quantities related to the middle layer (material 1), whereas j =2 is
for the lower and upper half-planes (material 2). The x—y plane has
been assumed to coincide with one of the planes of material sym-
metry so that in-plane and antiplane deformations are uncoupled.
The relevant shear stress components are
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although there were some linear coordinate transformations in the
literature.?® =3 To solve the complicated problem of the anisotropic
layered medium, a modified linear coordinate transformation is in-
troduced as follows:

For y >0,
X=x+aPy+(G -1 (" —a?), i=12 @
Y =8Py +(—1-1- (8" —B?), j=12 (5
Z=z (©)

For y <0,
X=x+aVy+(G—-1-1(«® —a®), i=12 )
Y=pVy+G =11 (87 - BY), j=12 ®
Z=z 9)

where

oV =-ci' /cy (10)
Y = C‘ﬁj)/Cftf an

Assume that C} and CY as well as \/(C)C!] — Cfé)z) are all
positive to ensure the positive definite of strain energy. The transfor-
mation given by Egs. (4-9) reduces Eq. (1) to the standard antiplane
wave equation for the isotropic solid in the (X, Y) coordinate system
as

CWOX Y. PWOX YD) WX Yo
X2 aY? J or?
i=1,2 (13
where WY (X, Y, t) is the displacement in the Z direction and
WX, Y, 1) =w(x, y, 1) (14)

b; = ,/Cﬁ’pm/c;ﬂ (15)

The stress components expressed in Eqs. (2) and (3) for the
anisotropic solid are related to those in the corresponding isotropic
solid by

IWUN(X, Y, 1)

) j
)X, Y, 1) =CY 3y (16)
, AWI(X, Y, 1)
( ) ’ 9
(X, Y, 1) = c;”T an
(e, y, 1) = )X, Y. 1) (18)

. c¥ cv
T (x, 1) = Cir;f;(x, Y, 1)+ C"' (X, Y, 1) (19)

) )
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Fig. 2 Geometry of the cracked layered medium after linear coordi-
nate transformation.

It can be verified that the interface boundaries between the middle
strip and two half-planes remain continuous after the transforma-
tion. The transformed configuration is plotted in Fig. 2. Several char-
acteristics are identified here. First, the interfaces remain straight,
continuous, and parallel to each other; that is, no gaps or overlaps are
generated along the interfaces. Second, the thickness of the middle
strip becomes 281V] instead of 2/. Finally, the X axis is coincident
with the x axis even after the transformation, which means that the
crack still lies on the negative X axis after the transformation.

From Egs. (13), (16), and (17), it is noted that the original
anisotropic layered medium problem is converted into an equiva-
lent isotropic layered medium problem by setting C/ = u) (shear
modulus). From the relationship of displacement and shear stresses
for an anisotropic solid and the correspondent isotropic solid ex-
pressed in Egs. (14), (18), and (19), one can see that it is possible to
obtain the solution for an anisotropic problem from a correspondent
result of an isotropic problem.

Required Fundamental Solutions

A useful fundamental problem is proposed here and the corre-
sponding fundamental solutions are applied to solve the complicated
problem in the next section. Consider an unbounded anisotropic
material (indicated as material 1) containing a semi-infinite crack
lying on the negative x axis. An antiplane exponentially distributed
traction in the Laplace transform domain is applied on the upper
and lower crack faces. The boundary conditions on crack surfaces
expressed in the Laplace transform domain for this fundamental
problem are represented as follows:

tP(x,0,5) =™  for —oco<x<0 (20)

w(x,0,5)=0 for 0<x<o0 1)
where s is the Laplace transform parameter and 7 is a constant.
The overbar symbol is used for denoting the transform on time .
By using Eqgs. (4-9), (14), and (18), the boundary conditions in
Egs. (20) and (21) can be rewritten as

(X, 0,5) = X for —00<X <0 (22)

WP (X,0,5)=0 for 0<X<o0 (23)

The fundamental problem for governing equation (13) (setting
Jj =1) subjected to boundary conditions (22) and (23) can be solved
by application of the standard integral transform method. The one-
sided Laplace transform with respect to time ¢ and the two-sided
Laplace transform with respect to the spatial coordinate X are de-
fined by?!

f(x,y,s)=/ FX, Y, e s dr (24)
0
f*(A,Y,s):/ F(X,Y, s)e " * X dX (25)

Applying the one-sided Laplace transform over time, and the
two-sided Laplace transform over X under the restriction of
Re(n) > Re(}), and the Wiener—Hopf technique is finally imple-
mented. The solutions of shear stresses and displacement in the

Laplace transform domain can be expressed as follows:

1 Ve OIYI=1X]
T(X, Y, 5) = 5— rir(d)e (26
2wi Jr. vie(m@m—2)
sien(Y Ae—S I = 3]
20 x, v, s) = 20 ¢ dn (27)

2mi r, Yi+(mM@ = Dyi-)

_ —Sign(Y) e SMIY1=AX]
WX, Y, ) = : / o dx
i Jr, Cllsyie ) — Myi- (V)

(28)
where I'; is the path of integration in the complex A plane and

if Y > 0"
1 if Y <0~

Yie(A) = /by + 2, yi-(A) = /b1 — A

i) =y ) - yi-(A)

. {1
sign(Y) = _

The corresponding result of the dynamic stress intensity factor in
the Laplace transform domain is

K(s) = lim V2xX7)(X,0,5) = —vV2/syie(m)  (29)
x—0
Since 7! (x, y, 1) = ©S0(X, Y, 1), as indicated in Eq. (18), the stress
intensity factor in the transformed coordinates (X, Y, Z) is exactly
the same as that in the original coordinates (x, y, z).

Transient Analysis of Dynamic Stress Intensity Factors

Consider a semi-infinite crack in an anisotropic strip with a height
of 2/ that is sandwiched between two anisotropic half-planes as
shown in Fig. 1. The strip and half-planes are made of anisotropic
materials 1 and 2, respectively. The semi-infinite crack lies in the
middle of the strip and parallel to the interfaces. For time ¢ <O,
the cracked composite is stress-free and at rest. At ¢ =0, a pair of
dynamic concentrated loadings with magnitude p is applied at the
crack faces with adistance / from the crack tip. The time dependence
of the loading is represented by the Heaviside step function H ().
From Eq. (1), the governing equation for the anisotropic strip can
be expressed as follows:

M 3wV (x, y, 1)

?wV(x,y, 1)
) Y,
Css +2Cys axdy

Ox2

c ?w(x, y, 1) — ?wW(x, y, 1)
4 9y? 12
The boundary condition for the applied loading can be represented
by

(30)

T (x,0,1) = —pd(x — h)H (1) (31

where §() is the Dirac delta function.

A linear coordinate transformation proposed in the previous sec-
tion is used here to solve the anisotropic layered medium problem.
By using the linear coordinate transformation, the corresponding
isotropic configuration is illustrated in Fig. 2. It is noted that the
width of the strip is changed from 2/ to 2811, whereas the location
of the concentrated loading is unchanged. Relations between the
anisotropic problem and the corresponding isotropic problem have
been established and discussed in the preceding section. Solutions
for the anisotropic layered medium problem can be obtained from
the correspondent results of an isotropic problem.

The major difficulty in analyzing this problem is that the interac-
tion of reflected waves with the semi-infinite crack should be taken
into account. A methodology of superposition of the fundamental
solution in the Laplace transform domain is used to overcome this
difficulty. It is noticed that the theoretical analysis performed in this
study is valid only for the case where b, < b,. The solutions are
composed of incident, reflected, and diffracted fields, which are de-
noted by superscripts of i, r, and d, respectively. Before the time
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that i and d waves are reflected by the interfaces, it can be treated
as a problem containing a semi-infinite crack in an infinite solid.
After a linear coordinate transformation, the incident field of the
cylindrical wave generated by the concentrated loading in Eq. (31)
can be expressed in the Laplace transform domain as follows:

1
(X, 0,5) = 27”/ pe XM 4y (32)
T

The applied traction on the crack faces, as indicated in Eq. (32),
has a functional form e**X. Because the solutions of applying trac-
tion *"* on crack faces have been obtained previously, the diffracted
field can be constructed by superimposing the incident wave trac-
tion that is equal to Eq. (32). Because of the geometric symmetry,
only Y >0 will be considered. By combining Eqgs. (26) and (32),
the incident and diffracted fields in the Laplace transform domain
for Y > 0 can be obtained as follows:

Y14+ (12)

_ i 1 1
(l)+d(XY)__/p_./ i)
2 Jr, © 1278 Sy e ()G = m2)

x M e=sn(n)Y —mX] dnz} dn, (33)

By using the Cagniard method of Laplace inversion, the stress
fields in time domain can be obtained as follows:
— pt siny;

TR (12 - be,?)%

1).d p 1= hika + 8'71 8772
T (X YD) =5 Re| G(nf.n)——

oNX, Y, 1) = H(t — b R) (34)

272 bih ot dn
_ any any
-G dr 35
(ny.n3) =+ rarral LU (39)
where
t, . [5) sin ¥y 3
nli:—z +ie, nzi:—R—coswdzlzz X ( —b’R )2

Ry =[(X + 1)’ + Y],

X+h
.= -1
Y; = cos ( R )
X
’(/fd :Cosil (R—d)

t=t1+n

Ry=(X>+Y)1,

Y1+ (12)

G(n, =
O, 1) Yie (M) (m — n2)

The corresponding stress intensity factor expressed in the Laplace
transform domain is

o d _ __1 sah _ﬁ
KO =2 /r pe [ﬁmm]dk (36)

The dynamic stress intensity factor that is induced by the diffracted
d wave in the time domain is

Ki(t) = K1) = py/2/mhH(t — bih) 37

The dynamic stress intensity factor shown in Eq. (37) jumps from
zero to a constant value at the instance that the cylindrical wave
generated by the concentrated loading reaches the crack tip. This
solution is the same as that for a semi-infinite crack in an unbounded
anisotropic medium subjected to a pair of dynamic concentrated
loadings. In the following derivation, it is assumed that the dynamic
stress intensity factor does not exceed its critical value, so the crack
remains stationary. This assumption will be adopted throughout the
whole paper.

The incident wave (i wave) generated from the dynamic concen-
trated loading and the diffracted wave (d wave) radiated out from
the crack tip will be reflected by the interfaces after some later time.

These reflected waves will be indicated as ir and dr waves, respec-
tively. The waves reflected by the upper interface expressed in the
Laplace transform domain can be obtained by the generalized ray
method as follows:

pri(m2)yi+(n2)

—(l)lr+dr(X Y S') — / /
Vl+(7}1)(?7| —1n2)

5 M st ()Y =280 +smyX) dn, dn, (38)
where
Cél))’l(nz) - Céz))’z(nz)
Cyim) + CPya ()

is the reflection coefficient and y,(17,) = /' (b% — 17%).

Because the stress intensity factor is the key parameter in charac-
terizing dynamic crack growth, we will focus our attention mainly
on the determination of the dynamic stress intensity factor. By set-
ting Y = 0in Eq. (38) and using the fundamental solution in Eq. (29),
the dynamic stress intensity factors that are induced by the reflected
ir and dr waves have the following form:

e ~1 pV2ri(m)
[ ird+dr (s) = — 2
4 Jr, Jr, Vsyir () (m = m2)

% &M p=2571 )1 dn, di 0

ry(n) = (39)

The dynamic stress intensity factors expressed in the time domain
will be

_ V2 1
K" =K'¢) =
7 birp VP
(i) (9nf, /80
x Im (1) +”/ ) dr “1)
V1+(771,1) h=t
) t T —2b; D1 1
K9y = KO (1) = \/S—P / /
w2 Jbih+2b 801 byh -t
+
ri(n an’, ant
x Re : i) _Tlh | gae @2)
V1+(77 0)(771.0_7]2) on on et

where

niy = ticos/ri +i(sin /ry) (6 — bfrf)%
r=[r+ @8]

Ny =—n/h+ie, ny =

6; = cos~ (—=h/ry)
(n/2801)" — b?
[1 + fz =1
Similarly, the irr, ird, and drd waves for shear stresses can be con-

structed by using Eq. (38) and the fundamental solution in Eq. (26).
The final results yield

= (1),irr 4 ird +drd
Tyy (X,Y,s)

_ —i/ / / pri(m)yi+(n3)
8 Py Iry, Sy VD) = m2) (12 = 13)

n

_ m; _
x @8Mh=2s71m)B1 ,=y1(13)Y +sm3 X dns dn, dy (43)

After some later time, the irr, ird, and drd waves will be reflected
by the interfaces again. The corresponding reflected waves are de-
noted by irrr, irdr, and drdr waves. By superimposing the funda-
mental solution in Eq. (29) with these reflected waves, the dynamic
stress intensity factors induced by irrrd, irdrd, and drdrd waves can
be obtained. Following a similar procedure, the complete solutions
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for the dynamic stress intensity factor of the cracked anisotropic lay-
ered medium that account for the contributions of all the reflected
and diffracted waves are derived explicitly. The solutions can be
simplified into a very compact form as follows:

m=1 n=1
oo o0
n+1 m.n
+ Yy k) (44)
m=1n=1
where
0 2
K°(t) = p,| —H(t — bih)
mh
\/Ep ! 1
K" (1) = 3/ t
T2 Jbirm -t
i (nin) (@1, /1)
x Im| = - dr
vie (nf .
Km’n(l) _ 2\/5])1‘1 /f /al /az
INET 0220 L PACATITN PO S
! ! SIF, ,dt, d de; d
X mn Yp Yy, 0" 1dT
wp VE—T !
in which

a :r—2nb.,3“)l
Clj=T—l‘1—f2—l‘3~"—[j,1—2(n — ] —+ 1)[71,3(1)1
j=2,3,4,....,n

q=0whenn=1,3,5,...;9g=1,whenn=2,4,6,...;and

Numerical Results

In the preceding section, dynamic stress intensity factors of a
semi-infinite crack subjected to dynamic antiplane concentrated
loading in an anisotropic layered medium are derived and expressed
in explicit forms. It is assumed that the stress intensity factor does
not exceed the fracture toughness of the layered medium, and so
the crack remains stationary all of the time. Because the transient
solution is exact up to the arrival time of the next wave, only a finite
number of waves will be involved in the numerical calculation. How-
ever, the numerical calculation includes many high-dimensional in-
tegrals; the convergence of the integration should be carefully ex-
amined. The program code splits the interval of integration into m
m=1,2,4,8,16,...,) segments; in each segment the integral is
calculated by the 24-term Gaussian formula. If the two schemes give
results close to each other, the value is accepted as the integrated
value. Otherwise, the segment is subdivided into smaller regions
and the process is repeated over these smaller segments. The re-
sults showed that the convergences of most cases can be achieved
for m =2 ~ 8. According to the previous definitions, the parameter
B =1.0 implies an isotropic case, whereas 8 # 1.0 indicates an
anisotropic problem. If the material constant C® =0, the layered
medium problem will degenerate to a single strip problem. The ap-
propriate static solutions for a semi-infinite crack in an isotropic
single strip? and an anisotropic single strip?® are

K = py/2/1(1 — e ™)1 (45)
sa _ M J Wy —acOncry =1
K= = p,/2cy) [CP1(1 — e CulCT) (46)

respectively.

Figure 3 shows dynamic stress intensity factors of a single strip
for different values of 8. It can be seen that the transient response
jumps first from zero to a constant value, which corresponds to the
appropriate static stress intensity factor of a cracked anisotropic in-
finite plane as indicated in Eq. (37), at the instance (¢ = b k) that the
incident wave reaches the crack tip. Attime t = by /[h% + (28 1)?],
the dynamic stress intensity factor jumps again to another constant
value until # = b, (h 4+ 28V1). Then it will approach its correspond-
ing static value after the first nine waves have passed through the
crack tip. Moreover, it is also found that the stress intensity factor

GIF —Re [ry (o)) ry O )y (n3) -y () (0, [ 000) (005 f9n) - (0 [on,) (£, /81,41
i (1) (75 = 03) (0 = n3) -+ (m_y — i) (mi = m,741) -
for n=135,...
SIF —1m [rs (it )] ry (n3)rs (n3) s (i ) (205, [ on) (£0m3 [ on) - - (o= [01,) (€00, /9141)
vie (i) (i = m3) (2 = n3) - (m .y =) (i = i 41) —
for n=2,4,6,

t, cos 6, sin 6, 1

+ _ mo . m(2 32 2\32

771,m - +i (tl blrm) ’
rm rm

2
+ - ] 2
ny =+ (25<1>1> — by,

ti=t—th—th—t3--—1_y,

r

)

= [ + (2mp™1)]",

o=

—h
6, = cos™! (—)
rm

j=23.4,...

j=2,3,4,...

_C) = CPp(3)

1
2

Vir(W) = /bj + A,

%) +CP ()

vi-(A) = vV bj — A,

i) = v+ () - yi-Q)
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Fig. 3 Transient stress intensity factors of an anisotropic single strip
for different values of ﬁ(l) .
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Fig. 4 Transient stress intensity factors( ;)f an anisotropic layered
medium for different values of ﬁ(l) with C, /C, =0.5.

decreases as the value of BV increases for this single-strip prob-
lem. The reason is that the width of the strip after linear coordinate
transformation will be widened with the increment of 8.

The dynamic stress intensity factors of the anisotropic layered
medium for various situations are shown in Figs. 4-10. Figures 4
and 5 show the transient responses for different values of 8 with
C?/CM =0.5and 2.0, respectively. Although there is not any static
value for comparison, it is seen that the dynamic stress intensity
factor tends to approach the appropriate static value after the first
nine waves have passed through the crack tip. It is also found that,
in the case of C?/CP =0.5, the smaller value of " will in-
duce a larger stress intensity factor, whereas it is to the contrary
in the case of C?/C{V =2.0. This indicates that the combination
of elastic moduli of the anisotropic layered medium has much in-
fluence on the determination of the stress intensity factor. Besides,
it is noticed in Figs. 4 and 5 that the greater the value of 8, the
longer it will take to approach the static value. Figure 6 shows the
transient responses of dynamic stress intensity factors for differ-
ent ratios of C®/CV, in which C® /C{D =0 corresponds to the
traction-free boundary condition and C® /C{" = 0o corresponds to
the rigid boundary condition. It is indicated that the traction-free
boundary condition will cause the largest value of stress intensity
factor in the transient analysis.

Figures 7 and 8 show dynamic stress intensity factors for differ-
ent ratios of by /by with C?/C{D = 0.5 and 2.0, respectively. It can
be viewed that the stress intensity factor is small when the magni-
tude of the ratio b, /b, is small, which is independent of the ratio

cPc?=2.0 _ Bv=gs
_ b,/b=07

T

FNR Y
UL L |

0.0 T N S T I A S T ST

Yl

>

Fig. 5 Transient stress intensity factors( ;)f an anisotropic layered
medium for different values of B(l) with C, /C, " =2.0.
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Fig. 6 Transient stress intensity factors of an anisotropic layered
%)
medium for different ratios of Ci )/Ci ).
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Fig. 7 Transient stress intensity factors of an anisotropic layered
medium for different ratios of b,/b, with C, /C, =0.5.

of C/CV. Transient responses of dynamic stress intensity fac-
tors for different ratios of 4/l are shown in Figs. 9 and 10 with
C?/CM =0.5 and 2.0, respectively. It is worthy to note that, in the
case of C? /C{V = 0.5, the stress intensity factor raises as the value
of theratio &1/l increases, whereas the stress intensity factor becomes
smaller with a greater value of //! in the case of C® /C{V =2.0.
Figure 10 indicates that, for a constant value of % in the case of
C?/CM =2.0, the more slender the middle strip, the smaller the
stress intensity factor will be. The reason is that more energy is
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Fig. 8 Transient stress intensity factors of an anisotropic layered
medium for different ratios of b;/b, with C, /C, = 2.0.
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Fig. 9 Transient stress intensity factors of an anisotropic layered

medium for different ratios of i/l with C, /C, =0.5.
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Fig. 10 Transient stress intensity fact((n;s ?f an anisotropic layered
medium for different ratios of i/l with C, '/C, " = 2.0.

dissipated by the refractions for the case C?/C» =2.0. So the
combination of elastic moduli plays a significant role in dynamic
fracture analysis.

Conclusions

The transient problem of an anisotropic layered medium contain-
ing a semifinite crack subjected to dynamic antiplane loading has
been investigated to gain insight into the phenomenon of the interac-

tion of stress waves between cracks and interfaces. The interaction
in isotropic layered media has been discussed in several experimen-
tal and analytical works. This study extends the theoretical analysis
from isotropic problems to anisotropic problems. A modified linear
coordinate transformation is introduced in this study to simplify the
problem. The linear coordinate transformation successfully reduces
the anisotropic problem to an equivalent isotropic problem with-
out complicating the geometric boundary conditions. This problem
contains characteristic lengths and is solved by superposition of
fundamental solutions in the Laplace transform domain. Explicitly
transient solutions for dynamic stress intensity factors are obtained
and expressed in closed form. These solutions are valid for infinitely
long time and have accounted for the contribution of incident, re-
flected, and multiple diffracted waves. Every term in the solution has
its own physical meaning. Numerical calculations are performed to
investigate the transient behavior of the dynamic stress intensity fac-
tor and the results are discussed in detail. Numerical results indicate
that the influence on dynamic stress intensity factors induced by re-
flected waves is significant and the transient effect can be neglected
after the first nine waves have passed the crack tip.
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